Choi Seok-Jeong, a Korean mathematician, studied Latin squares at least 60 years earlier than Euler [3], [10] . He introduced a pair of orthogonal Latin squares of order 9 in his book called Koo-Soo-Ryak (also pronounced as Gusuryak) [2] . Interestingly, his two orthogonal non-diagonal Latin squares produce a magic square of order 9, whose theoretical reason was not studied. There have been a few studies on Choi's Latin squares of order 9. The most recent one is Ko-Wei Lih's construction of Choi's Latin squares of order 9 based on two 3×3 orthogonal Latin squares [8] . In this paper, we give a new generalization of Choi's orthogonal Latin squares of order 9 to orthogonal Latin squares of size n 2 using the Kronecker product including Lih's construction. We find a geometric description of Chois' orthogonal Latin squares of order 9 using the dihedral group D 8 . We also give a new way to construct magic squares from two orthogonal non-diagonal Latin square, which explains why Choi's Latin squares produce a magic square of order 9.
Introduction
A Latin square of order n is an n × n array in which n distinct symbols are arranged so that each symbol occurs once in each row and column. This Latin square is one of the most interesting mathematical objects. It can be applied to a lot of branches of discrete mathematics including finite geometry, coding theory and cryptography [4] , [8] . In particular, orthogonal Latin squares have been one of main topics in Latin squares. The superimposed pair of two orthogonal Latin squares is also called a Graeco-Latin sqaure by Leonhard Euler (1707-1783) in 1776 [5] . It is known that the study of Latin squares was inceptively researched by Euler in 18th century. However the Korean mathematician, Choi Seok-Jeong [Choi is a family name] (1646-1715) already studied Latin squares at least 60 years before Euler's work. A pair of two Latin squares of order 9 was introduced in Koo-Soo-Ryak (or Gusuryak) written by Choi Seok-Jeong. The Koo-Soo-Ryak was listed as the first literature on Latin squares in the Handbook of Combinatorial Designs [3] . Figure 1 shows the superimposed Latin square of order 9 from Koo-Soo-Ryak. Let K be the matrix form of the square in numbers: Figure 1 : A facsimile of Koo-Soo-Ryak K = (5, 1) (6, 3) (4, 2) (8, 7) (9, 9) (7, 8) (2, 4) (3, 6) (1, 5) (4, 3) (5, 2) (6, 1) (7, 9) (8, 8) (9, 7) (1, 6) (2, 5) (3, 4) (6, 2) (4, 1) (5, 3) (9, 8) (7, 7) (8, 9) (3, 5) (1, 4) (2, 6) (2, 7) (3, 9) (1, 8) (5, 4) (6, 6) (4, 5) (8, 1) (9, 3) (7, 2) (1, 9) (2, 8) (3, 7) (4, 6) (5, 5) (6, 4) (7, 3) (8, 2) (9, 1) (3, 8) (1, 7) (2, 9) (6, 5) (4, 4) (5, 6) (9, 2) (7, 1) (8, 3) (8, 4) (9, 6) (7, 5) (2, 1) (3, 3) (1, 2) (5, 7) (6, 9) (4, 8) (7, 6) (8, 5) (9, 4) (1, 3) (2, 2) (3, 1) (4, 9) (5, 8) (6, 7) (9, 5) (7, 4) (8, 6) (3, 2) (1, 1) (2, 3) (6, 8) (4, 7) (5, 9)
Then we can separate K into two Latin squares L and N . L = 5 6 4 8 9 7 2 3 1 4 5 6 7 8 9 1 2 3 6 4 5 9 7 8 3 1 2 2 3 1 5 6 4 8 9 7 1 2 3 4 5 6 7 8 9 3 1 2 6 4 5 9 7 8 8 9 7 2 3 1 5 6 4 7 8 9 1 2 3 4 5 6 9 7 8 3 1 2 6 4 5 N = 1 3 2 7 9 8 4 6 5 3 2 1 9 8 7 6 5 4 2 1 3 8 7 9 5 4 6 7 9 8 4 6 5 1 3 2 9 8 7 6 5 4 3 2 1 8 7 9 5 4 6 2 1 3 4 6 5 1 3 2 7 9 8 6 5 4 3 2 1 9 8 7 5 4 6 2 1 3 8 7 9
To get a visible effect, let color in the squares.
We paint colors for each numbers, 1, 2, · · · , 9. In detail, 1, 2, 3 are colored in red, 4, 5, 6 are colored in green, and 7, 8, 9 are colored in blue. Then we observe that the Latin squares have self-repeating patterns. This simple structure of Choi's Latin squares motivates some generalization of his idea. We generalize Choi's Latin squares in three directions: the Kronecker product approach, the Dihedral group approach, and magic squares from Choi's Latin squares.
In this paper, we give a new generalization of Choi's orthogonal Latin squares of order 9 to orthogonal Latin squares of size n 2 using the Kronecker product including Lih's construction.
We find a geometric description of Chois' orthogonal Latin squares of order 9 using the dihedral group D 8 . We also give a new way to construct magic squares from two orthogonal non-diagonal Latin square, which explains why Choi's Latin squares produce a magic square of order 9.
2 A generalization of Choi's orthogonal Latin squares Definition 1. A Latin square of order n is an n × n array (or matrix) in which n distinct symbols are arranged so that each symbol occurs once in each row and column.
For example, 1 2 3 2 3 1 3 1 2 is a Latin square of order 3. In this article, we assume that a Latin square of order n has the entries 1, 2, · · ·, n instead of n symbols.
Definition 2. Let A and B be Latin squares of order n. We said that the two Latin squares A and B are orthogonal if each ordered pair of its entry occurs exactly once when A is superimposed on B. because (i, j) (i, j ∈ {1, 2, 3}) occurs only once. Thus A and B are orthogonal Latin squares.
Definition 3. ([8])
Let A = (a ij ) be a Latin square of order n(i, j ∈ {1, 2, · · · , n}) and B = (b st ) be a Latin square of order m(s, t ∈ {1, 2, · · · , m}). Then the Kronecker product of A and B, which is an mn × mn square A ⊗ B given by
where (a ij , B) is the m × m square Now it is natural to substitute m(a ij − 1) + b kl for the entry (a ij , b kl ) in A ⊗ B. Thus we define the substituted Kronecker product ⊗ S of two Latin squares A and B by the following block matrix
where A = (a ij ) is a matrix of order n, B is a matrix of order m and N m is the m × m all one matrix.
Let us return to the Latin squares. Judging from Figure 2 , we can expect that L is closely related to a Latin square of order 3. In fact, let A 3 = (a ij ), (i, j ∈ {1, 2, 3}) by
Then the following block matrix 
produces N . In other words, N = B 3 ⊗ S B 3 . We recall that Lih [9] also found this relation. However he did not explain why L = A 3 ⊗ S A 3 and N = B 3 ⊗ S B 3 are orthogonal from the Kronecker product point of view. Proof. By the above notation, we can put Choi's two Latin squares of order 9 by L = A 3 ⊗ S A 3 and N = B 3 ⊗ S B 3 . Note that A 3 and B 3 are orthogonal. Therefore, by taking A 1 = B 1 = A 3 and A 2 = B 2 = B 3 in Theorem 2.2 we see that L = A 3 ⊗ S A 3 and N = B 3 ⊗ S B 3 are also orthogonal.
Hence it appears that Choi might know how to get the orthogonal Latin squares of order 9 by expanding orthogonal Latin squares of order 3.
It is natural to generalize Choi's approach to obtain orthogonal Latin squares by coping a smaller Latin square several times.
If A is a Latin square of order n, we call A ⊗ S A Choi's type Latin square of order n 2 .
Since there exists a pair of orthogonal Latin squares of order n ≥ 3 and n = 6, the following is immediate.
Corollary 2.4. There exists a pair of Choi's type Latin squares of order n 2 which are orthogonal whenever n ≥ 3 and n = 6.
Latin squares acted by dihedral group
We have noticed that L is symmetric to N with respect to the 5th column of L. In other word, if we let L = (l ij ), then N = (l i(n+1−j) ). So now define some operation.
Definition 4. Let A = (a ij ) be an n × n matrix (or square or array). Define the n × n matrix
We can consider more symmetries. The dihedral group of degree n, D 2n is a well-known group of order 2n consisting of symmetries on a regular n-polygon consisting rotations and reflections. In this case, we concentrate on a square, so the dihedral group of order 8, denoted by D 8 , is needed. In D 8 , there are eight elements, s 0 , s 1 , s 2 , s 3 , r 1 , r 2 , r 3 , r 4 . Note that s i for i = 1, 2, 3, 4 denotes a reflection. More precisely, s 0 is a horizontal reflection, s 1 is a main diagonal reflection, s 2 is a vertical reflection, and s 3 is an antidiagonal reflection. Note that r 0 denotes the rigid motion and r i 's (i = 1, 2, 3) denote counterclockwise rotations by 90, 180, 270 degrees respectively so that r 2 = r • We can define a set
Definition 5. Let L n be the set of all Latin squares of order n.
where A ∈ L n and A = (a ij ).
Then we can regard an element in 
Thus for finding mutually orthogonal Latin squares in D 8 (A), we should look the orthogonality of A = r 0 (A) and σ(A) for σ ∈ D 8 . Lemma 3.3. For any A ∈ L n , A is not orthogonal to r 2 (A).
Proof. Let A = (a ij ) and r 2 (A) = (b ij ). Suppose that A and r 2 (A) are orthogonal. Then some n ordered pairs (a ij , b ij ) should have the values (1, 1), (2, 2), · · · , (n, n). So for each k ∈ {1, 2, · · · , n}, there are some s, t ∈ {1, 2, · · · , n} such that a st = b st = k. Let n+1−s = s and n + 1 − t = t . Since b st = a s t and b s t = a st , (a st , b st ) and (a s t , b s t ) are the same ordered pairs. Since A and r 2 (A) are orthogonal, (s, t) = (s , t ), that is, s = s and t = t . This implies that n = 2s − 1 = 2t − 1 so s = t and n is odd. Thus A is not orthogonal to r 2 (A) for any A ∈ L n with even n. If n is odd, then the ordered pairs (1, 1), (2, 2), · · · , (n, n) are all the same as (a ss , a ss ) with s = . This is impossible. Thus A is not orthogonal to r 2 (A) for any A ∈ L n with odd n.
Lemma 3.4. Let A ∈ L n and n be even. Then A is not orthogonal to neither s 0 (A) nor s 2 (A).
Since {(1, 1), (2, 2), · · · , (n, n)} is a subset of the set {(s, t) | s, t = 1, 2, · · · , n}, there are u and v such that a uv = α uv . Then a uv = α uv implies a uv = α uv = a (n+1−u)v . Since A is a Latin square, the entries in the v-th column are all distinct. Thus a uv = a (n+1−u)v implies u = n + 1 − u and so u = (n + 1)/2. However, n is even so that u is not an integer. It contradicts. Hence A is not orthogonal to s 0 (A). We can show that A is not orthogonal to s 2 (A) in a similar manner. And if we assume that n is even, then the maximum number of mutually orthogonal Latin squares in the set D 8 (A) is 2.
Proof. Suppose that n is odd and there are at least five mutually orthogonal Latin squares in the set D 8 (A). Then we must choose three Latin squares from {r 0 (A), r 1 (A), r 2 (A), r 3 (A)} or three Latin squares from {s 0 (A), s 1 (A), s 2 (A), s 3 (A)}.
Suppose that three Latin squares are from {r 0 (A), r 1 (A), r 2 (A), r 3 (A)}. We show that only two Latin squares are possible, deriving a contradiction. For generality, consider r i (A), r j (A), r k (A) for distinct values of i, j, k. Then (i, j, k) = (0, 1, 2), (0, 1, 3), (0, Without loss of generality, we may assume that L is one of them. We first show that there are only two mutually orthogonal Latin squares among L, r 1 (L), r 2 (L), r 3 (L). By Lemma 3.3, L is not orthogonal to r 2 (L). This also implies that r 1 (L) is not orthogonal to r 3 (L). On the other hand, we have checked by enumerating all ordered pairs that L is orthogonal to both r 1 (L) and r 3 (L). Therefore we have only two cases {L, r 1 (L)} and {L, r 3 (L)} among rotations.
We can easily check that L is orthogonal to both s 0 (L) and s 2 (L) while L is neither orthogonal to s 1 (L) nor to s 3 (L) because the two diagonal reflections do not change the value of 5 in the main diagonal. However s 0 (L) cannot be orthogonal to s 2 (L) because they reduce to L and r 2 (L) which are not orthogonal by Lemma 3.3.
Therefore we have the following four possibilities.
We have checked that r 1 (L) is not orthogonal to s 0 (L) because (4, 6) is repeated and r 1 (L) is not orthogonal to s 2 (L) because (4, 4) is repeated. Similarly it we have checked that r 3 (L) is neither orthogonal to s 0 (L) nor to s 2 (L). If a Latin square A of order n is orthogonal to σ(A) for some σ ∈ D 8 (A), we call such A a dihedral Latin square. We recall that a Latin square A is self-orthogonal if it is orthogonal to its transpose [11] . Since the transpose of A can be represented as s 1 (A) (s 1 is a main diagonal reflection), the concept of a dihedral Latin square includes the concept of a selforthogonal Latin square. For example, Choi's two Latin squares L, N of order 9 are dihedral since N = s 2 (L).
Let us take another example as follows. is a magic square of order 3 since the sums of each row, column, main diagonal and antidiagonal are the same to 15. To similar the definition of a Latin square, we assume that the consecutive integers are {1, 2, · · · , n 2 } in this article.
Then the question is what the relation between Latin squares and magic squares is. It will be known by the following property.
Definition 7. Let A be a Latin square of order n. A is called a diagonal Latin square if n entries in main diagonal are all distinct and n entries in antidiagonal are also all distinct.
We note that some authors [6] , [7] called double diagonal Latin squares instead of diagonal Latin squares. Construction of orthogonal diagonal Latin squares has been actively studied [4] , [1] , [11] . This theorem is a well-known property. To prove a more general statement, we include the proof of the above theorem. Then it also implies that a uv = a st . Thus (a uv , b uv ) = (a st , b st ). Since A and B are orthogonal, uv = st. Thus for any j = 1, 2, · · · , n, the sum of each rows is
Similarly we have
Hence M is a magic square of order n.
Definition 8. Suppose A = (a ij ) and B = (b ij ) are orthogonal Latin squares of order n.
Then define an n × n square A + S B by
This A + S B is not necessarily a magic square since its sums of two main diagonals is not same as its sums of columns or rows. Theorem 4.1 states that if the two Latin squares A and B are orthogonal and diagonal, then A + S B is a magic square.
And the another noticeable point is that the pair of Choi's orthogonal Latin squares is not diagonal. However, Choi's squares also can produce a magic square even though the Latin squares are not diagonal.
Theorem 4.2.
If there is a pair of orthogonal Latin squares A and B of order n such that the sum of main diagonal of each of A and B is n(n + 1)/2 and the sum of antidiagonal of each of A and B is n(n + 1)/2, then A + S B is a magic square of order n.
Proof. Suppose A = (a ij ) and B = (b ij ), (i, j ∈ {1, 2, · · · , n}) are orthogonal Latin squares such that Now calculate the sums.
Thus the sums are the same. Hence M is a magic square.
We have an existence theorem satisfying Theorem 4.2.
Theorem 4.3. For any odd number n ≥ 3, there exists a pair of orthogonal Latin squares each of whose sum of main diagonal (and antidiagonal respectively) is n(n + 1)/2.
Proof. Suppose n = 2k − 1 where k ≥ 2. Let A n = (a ij ) be a matrix where each descending diagonal from left to right is constant like following matrix:
In particular, if n = 3 and k = 2, we get Latin square A 3 in Section 2. Since Latin square B 3 in Section 2 is obtained by reflecting A 3 along the 2nd column of A 3 , it is natural to reflect A n along the kth column of A n as follows.
The sum of main diagonal and the sum of antidiagonal of A n are n(n + 1)/2 since
is the Latin square obtained by reflecting along the middle vertical line of A n . Then s 2 (A n ) has the same sum of the main diagonal (and antidiagonal respectively) of A n since the trace of An, tr(A n ) is the sum of antidiagonal (and main diagonal respectively) of s 2 (A n ).
Now it remains to show that A and s 2 (A n ) are orthogonal. There is a one-to-one correspondence between pandiagonals of A n and line equations; let y = x + α be a line with α ∈ Z n . Then each constant pandiagonal corresponds to each equation of line. For example, y = x corresponds to the diagonal constant k in A n since k = a ij ⇔ i = j in Z n . (i,e. (i, j) is a root of y = x in Z n ). Similarly, x = y − 2 corresponds to the constant k − 1, · · · , x = y − (n − 1) corresponds to the constant 1. And x = y + (n − 1) corresponds to the constant n, x = y + (n − 3) corresponds to the constant n − 1, · · · , x = y + 2 corresponds to the constant k + 1. Then we can do this to s 1 (A); similarly, x = −y corresponds to the constant k, · · · , x = −y − (n − 1) corresponds to the constant 1. And x = −y + (n − 1) corresponds to the constant n, · · · , x = −y + 2 corresponds to the constant k + 1. Any two lines x = y + α and x = −y + β have exactly one unique root. It means that an entry (a ij , a i(n+1−j) ) appears only once.
By the above theorem, we get a magic square constructed from a pair of orthogonal Latin squares which are not diagonal. Although there are many other ways to construct magic squares, our method is the way Choi obtained magic squares from two orthogonal nondiagonal Latin squares.
However, we can ask a question "What does happen if n is even?" It is well known that a pair of orthogonal Latin square does not exist when n = 2 and n = 6, and so it is more difficult to get an even order magic square consisting of a pair of Latin squares. So we construct magic squares of some even order cases in a different way. This completes the proof.
Theorem 4.5. For any even number n > 2 with n = 2r (r is odd), there exists a pair of orthogonal Latin squares each of whose sum of main diagonal (and antidiagonal, respectively) is n(n + 1)/2.
Proof. Define four Latin squares by Then A 1 and A 2 are orthogonal. B 1 and B 2 are also orthogonal. So we can construct two orthogonal Latin squares of order 4k (where k is an integer) using the following ways.
If we want to construct of orthogonal Latin squares of order 4t with t is odd, then we can make two Latin squares A 1 ⊗ S C 1 and A 2 ⊗ S C 2 where C 1 and C 2 are orthogonal Latin squares of order t and the sums of diagonal and antidiagonal are t(t + 1)/2 (By Theorem 4.3, we can get such pair of Latin squares). Then So we can construct orthogonal Latin Squares of an even order n which is not of the form of 2r (r is odd) each of whose sum of diagonal (and antidiagonal, respectively) is n(n + 1)/2. Corollary 4.6. For any integer n with n = 2r where r is odd, there exists a pair of nondiagonal orthogonal Latin Squares of order n such that the pair of Latin squares can produce a magic square of order n.
Proof. By Theorems 4.2, 4.3, and 4.5, we can construct a magic square of order n where n = 2r (r is odd). Therefore Choi's orthogonal Latin squares of various orders give a new way to construct magic squares based on nondiagonal orthogonal Latin squares.
